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Chapter 5
Mathematical Aspects of Neural Networks:
Stability of Equilibrium Points

Zlatinka Covacheva and Valéry Covachev

5.1. Introduction

Anyone can see that the human brain is superior to a digital computer at many tasks. For
example, from the processing of visual information point of view; a one-year-old baby is
much better and faster at recognizing objects, faces, and so on than even the most
advanced fastest supercomputer systems. The following reasons are the real motivation
for studying neural computation [1]. It is an alternative computational paradigm to the
usual one (based on a programmed instruction sequence), which was introduced by von
Neumann [2] and has been used as the basis of almost all machine computation to date.
The brain has many other features that would be desirable in artificial systems:

e It is robust and fault tolerant. Nerve cells in the brain die every day without affecting
its performance significantly.

e It is flexible. It can easily adjust to a new environment by “learning”, no need to be
programmed in Pascal, Fortran or C+ and so on.

e It can deal with information that is fuzzy, probabilistic, noisy, or inconsistent.
e It is highly parallel. It is small, compact, and dissipates very little power.

Artificial neural networks are computational paradigms which implement simplified
models of their biological counterparts, biological neural networks. Biological neural
networks are the local assemblages of neurons and their dendritic connections that form
the (human) brain. Accordingly, artificial neural networks are characterized by
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e Local processing in artificial neurons (or processing elements);

e Massively parallel processing, implemented by rich connection pattern between
processing elements;

e The ability to acquire knowledge via learning from experience;

e Knowledge storage in distributed memory, the synaptic processing element
connections.

Neural network simulations appear to be a recent development. However, this field was
established before the advent of computers, and has survived at least one major setback
and several eras. Many important advances have been boosted by the use of inexpensive
computer emulations. Following an initial period of enthusiasm, the field survived a
period of frustration and disrepute. Currently, the neural network field enjoys a resurgence
of interest and a corresponding increase in funding [3].

The first artificial neuron was produced in 1943 by the neurophysiologist Warren
McCulloch and the logician Walter Pitts [4]. But the technology available at that time did
not allow them to do too much. Neural networks process information in a similar way the
human brain does. The network is composed of a large number of highly interconnected
processing elements (neurons) working in parallel to solve a specific problem. Neural
networks learn by example. Much is still unknown about how the brain trains itself to
process information, so theories abound.

An artificial neuron is a device with many inputs and one output. The neuron has two
modes of operation, the training mode and the using mode. In the training mode, the
neuron can be trained to fire (or not), for particular input patterns. In the using mode, when
a taught input pattern is detected at the input, its associated output becomes the current
output. If the input pattern does not belong in the taught list of input patterns, the firing
rule is used to determine whether to fire or not.

An important application of neural networks is pattern recognition. Pattern recognition
can be implemented by using a feed-forward neural network that has been trained
accordingly. During training, the network is trained to associate outputs with input
patterns. When the network is used, it identifies the input pattern and tries to output the
associated output pattern. The power of neural networks comes to life when a pattern that
has no output associated with it, is given as an input. In this case, the network gives the
output that corresponds to a taught input pattern that is least different from the
given pattern.

The above neuron does not do anything that conventional computers do not already do. A
more sophisticated neuron is the McCulloch and Pitts model (MCP). The difference from
the previous model is that the inputs are “weighted”, the effect that each input has at
decision making is dependent on the weight of the particular input. The weight of an input
is a number which when multiplied with the input gives the weighted input. These
weighted inputs are then added together and if they exceed a pre-set threshold value, the
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neuron fires. In any other case the neuron does not fire. In mathematical terms, the neuron
fires if and only if

TiXiW; >T,

where W;, i = 1,m, are weights, X;,i = 1, m, inputs, and T is a threshold. The addition of
input weights and of the threshold makes this neuron a very flexible and powerful one.
The MCP neuron has the ability to adapt to a particular situation by changing its weights
and/or threshold. Various algorithms exist that cause the neuron to “adapt”; the most used
ones are the Delta rule and the back error propagation. The former is used in feed-forward
networks and the latter in feedback networks.

The attempt of implementing neural networks for brain-like computations like pattern
recognition, decision making, motor control and many others is made possible by the
advent of large scale computers in the late 1950’s. Indeed, artificial neural networks
(ANN) can be viewed as a major new approach to computational methodology since the
introduction of digital computers.

Although the initial intent of ANN was to explore and reproduce human information
processing tasks such as speech, vision, and knowledge processing, ANN also
demonstrated their superior capability for classification and function approximation
problems. This has great potential for solving complex problems such as systems control,
data compression, optimization problems, pattern recognition, and system identification.

Neural networks have wide applicability to real world business problems. In fact, they
have already been successfully applied in many industries. Since neural networks are best
at identifying patterns or trends in data, they are well suited for prediction or forecasting
needs including: sales forecasting, industrial process control, customer research, data
validation, risk management, target marketing.

ANN are also used in the following specific paradigms: recognition of speakers in
communications; diagnosis of hepatitis; recovery of telecommunications from faulty
software; interpretation of multi-meaning Chinese words; undersea mine detection;
texture analysis; three-dimensional object recognition; hand-written word recognition;
and facial recognition.

5.2. Hopfield Neural Networks

Hopfield-type (additive) networks have been studied intensively for more than two
decades and have been applied to optimization problems [5-8] and [9]. The original model
used two-state threshold “neurons” that followed a stochastic algorithm: each model
neuron i had two states, characterized by the values V;° or V! (which may often be taken
as 0 and 1, respectively). The input of each neuron came from two sources, external inputs
I; and inputs from other neurons. The total input to neuron i is then

Inputtoi = H; = X;4; T;;V; + I
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where T;; can be biologically viewed as a description of the synaptic interconnection
strength from neuron j to neuron i. The motion of the state of a system of N neurons in
state space describes the computation that the set of neurons is performing. A model
therefore must describe how the state evolves in time, and the original model describes
this in terms of a stochastic evolution. Each neuron samples its input at random times. It
changes the value of its output or leaves it fixed according to a threshold rule with
thresholds U; [10, 11]:

Vi e d Vio lf Zi;ﬁj TUV + Ii < Ui'

J
Vi-» V& if X TyV + 1 > U

In order to solve problems in the fields of optimization, neural control and signal
processing, neural networks have to be designed such that there is only one equilibrium
point and this equilibrium point is globally asymptotically stable so as to avoid the risk of
having spurious equilibria and local minima. In the case of global stability, there is no
need to be specific about the initial conditions for the neural circuits since all trajectories
starting from anywhere settle down at the same unique equilibrium. If the equilibrium is
exponentially asymptotically stable, the convergence is fast for real-time computations.
The unique equilibrium depends on the external stimulus. The nonlinear neural activation
functions f;,i = 1, m, are usually chosen to be continuous and differentiable nonlinear
sigmoid functions satisfying the following conditions:

a) fi(x) » Fooasx - Foo;

b) f;(x) is bounded above by 1 snd below by —1;

¢) f;(x) = 0 at a unique point x = 0;

d) fi(x) > 0and f/(x) - 0 as x - Foo;

€) f;(x) has a global maximum value of 1 at a unique point x = 0.

Some examples of activation functions f;(-) are

fi(x) = tanh(x) = 22, fi(x) = =5 = tanh(x/2),
fiw) =2wn (Zx),  £i0) =Zsse(),

where sgn(-) is a signum function and all the above nonlinear functions are bounded,
monotonic and nondecreasing functions. It has been shown that the absolute capacity of
an associative memory network can be improved by replacing the usual sigmoid activation
functions. There, it seems appropriate that nonmonotonic functions might be better
candidates for neuron activation in designing and implementing an artificial neural
network. In many electronic circuits, amplifiers that have neither monotonically
increasing nor continuously differentiable input-output functions are frequently adapted.
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In [12] the global stability characteristic of a system of equations modelling the dynamics
of additive Hopfield-type neural networks both in the continuous- and discrete-time cases
is investigated. In particular, a novel method of obtaining a discrete-time dynamical
system whose dynamics is inherited from the continuous-time dynamical system is
studied. This aspect is important since numerical algorithms of Hopfield-type differential
equations lead to discrete-time dynamic systems and such discrete-time systems should
not give rise to any spurious behaviour if either system is to be used for coding equilibrium
as associative memories corresponding to temporally uniform external stimuli obtained.
The discrete-time models serve as global numerical methods on unbounded intervals for
the continuous-time systems [13].

5.3. Impulsive Neural Networks

Most widely studied and used neural networks can be classified as either continuous or
discrete. Recently, there has been a somewhat new category of neural networks which are
neither purely continuous-time nor purely discrete-time. This third category of neural
networks called impulsive neural networks displays a combination of characteristics of
both the continuous and discrete systems [14].

To the best of our knowledge, impulsive neural networks first appeared in 1999 [14], yet
I would mention that after the publication of our paper [15] in 2004 hundreds or maybe
thousands of papers devoted to impulsive neural networks appear each year, mostly in
China. Since it is impossible to list the most important contributions and their authors, we
do not provide a list here.

5.4. Global Exponential Stability of Equilibrium Points of Additive
Hopfield-Type Impulsive Neural Networks

5.4.1. Continuous-Time Case

The impulsive continuous-time neural network consists of m elementary processing units
(or neurons) whose state variables x; (i = 1, m) are governed by the system

dx;(t
=0 = —apx () + 2 byfy (%(0) + 27y cyg; ((t — 7)) +
+Z1]1;1 dijhj(fooo Kij(s)x]-(t - S) dS) + Iir t>0,t# ty, (51)
Ax;(ti) = —Byex; () + ftik_l Yie($)x;(s) ds +yp,i=1mkeN, (52)

with initial values prescribed by piecewise-continuous functions x;(s) = ¢;(s), which
are bounded for s € (—o0, 0]. In (5.1), the coefficient a; > 0 is the rate with which the i-
th unit self-regulates or resets its potential when isolated from other units and inputs;
fi (), g;(), hj(*) denote activation functions; the parameters b, c;j, d;; are real numbers
that represent the weights (or strengths) of the synaptic connections between the j-th unit

107



Advances in Networks, Security and Communications: Reviews, Vol. 2

and the i-th unit; the real constant I; represents an input signal introduced from outside
the network to the i-th unit; 7;; are nonnegative real numbers whose presence indicates
the delayed transmission of signals at time ¢t — 7;; from the the j-th unit to the unit i; and
the delay kernels K;;(s) incorporate the fading past effects (or fading memories) of the
j-th unit on the i-th unit. In (5.2), Ax;(t;) = x;(tx + 0) — x;(t; — 0) denote impulsive
state displacements at fixed instants of time t;, (k € N) involving integral terms whose
kernels Y;i: [tr—1,tx] = R are measurable functions, essentially bounded on the
respective interval; R and N denote the set of all real numbers and all positive integers,
respectively. Here it is assumed that the sequence of times {t, };—, satisfies 0 =t <
t; <t < <ty > oas k - oo; the functions x;(t) are assumed continuous from the
left at their points of discontinuity t;; B;; and y;; are some real constants.

The assumptions that accompany the impulsive network (5.1), (5.2) are given as follows:

Al. For the activation functions fj, g;, hj: R — R there exist positive constants Fj, G;, H;
such that

fiG-£i®) gj(x)-g;»)
P} |] . | G - p| : x—y] '
x:#y
Hj=sup|wl forx,y€ER,j=1m

xzy

A2, a; — Fi 271=1lb]l| - Gi Z}n=1|Cji| - Hi Z;n=1|d]l| >0,i=1m.

A3. K;j: [0,0) - [0,) (i, j = 1,m) are bounded and piecewise continuous.
A4. [T Kij(s)ds =1(i,j = T,m).
AS. There exists a positive number u such that fow K;j(s)e** ds < o (i,j = 1,m).

An equilibrium point of the impulsive network (5.1), (5.2) is denoted by
x* = (x1,x3, ..., X;,)T, whereby the components x; are governed by the algebraic system

aix{ = Z;n=1 bijjj-(x]’-") + Z;n=1 cijgj(x]’-") + 21;1:1 dijhj(x]’-") + Ii,i =1,m, (53)
and satisfy the linear equations
t * .
(—Bik + ftk"_1 Yir(s) ds) X +Ye=0,keN,i=1m (5.4)

Lemma 1. Let conditions Al, A2 be satisfied. Then system (5.3) has a unique solution
x* = (x1, %5, w0, %0)T.

In other words, if conditions A1 — A4 are satisfied, the system without impulses (5.1) has
a unique equilibrium point x* = (x1, x5, ..., X3,)7.
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Proof. In system (5.3) we perform the substitution y; = a;x;,i = 1,m. Thus we obtain
the system

=o;(y) = X7~ 1[bl]f]( )+cl]g]( )+duh( )]+Il,l—1m

We shall show that the mapping y — @(y) = (<D1 ), 2,(y), ...,<Dm(y)) acts as a
contraction in the space R™ equipped with the norm ||y|| = Xi%,|y;|. In fact, for any
y,z € R™ by virtue of A1 we have

10:(») — ,(2)| < T, (|bs;|F + |cij]6; + |d,]|H)|yi_Z’| =Tm
A summation with respect to i and changing the order of summation yield
le(y) — 2@l = Z7L119:;(y) — ¢,(2)] <
< X2 Xjka([bis|F + |eys|G; + |dij|Hj)b’ja—_jzj| =
111‘%(5 T biil 4 G Xy |cii| + Hy T di Dy — 2
From condition A2
ali(Fi Tl + G X Lalgii] + Hi X Laldi]) < 1Li=1,

thus

max = (F; X7 |bj| + G Eealc] + Hi Zfaldzl) < 1,
and
o) — @@l < Xjq aly; — zil = ally -z
This proves the contraction property of the mapping @. o
Our main result in the present subsection is the following

Theorem 1. Let system (5.1), (5.2) have an equilibrium point x* = (x1,%5, ..., X;,)T and
satisfy the conditions Al — AS5. Then there exist constants M > 1 and A > 0 such that all

solutions x(t) = (x1 (), x2(t), .o, Xy, (t))T of system (5.1), (5.2) satisfy the estimate

— t
ST 2y (8) — x| < Me= [[X0D {irg_la;;p — Byl + max [* Iy (5) ds} x
X Xit1 Sup |x;(s) — x;| forallt >0, (5.5)
s€(~o,

where i(0,t) = max {k € {0} U N: t;, < t} is the number of instants of impulse effect t;
in the interval (0,t).
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Proof. First we notice that the equilibrium point x* is unique by virtue of condition
A2 and Lemma 1.

Let us consider the functions @;: [0, u] defined by
;D) = a; — A — F; X7 |bji| — G X4 |cji| et — H X4 |d; |f0°°I(ﬁ(s)e3-s ds,
i =1, m. We have
®;(0) =a; — | il — G Z}":1|Cji| — H; Z;'n=1|dji| >0,

by virtue of condition A2. Now, because of the assumptions A3 — A5 each @;(*) is well
defined, continuous and decreasing on [0, u]. Thus there exists A; € (0, u] such that
@;(4) > 0 for A € (0,1}),i = 1, m. Then, choosing A* = min{4], *, ey A}, we have

®;(A) >0,A1€(0,4%),i =1,m. (5.6)

We have from (5.1) and (5.3) that
D*|x;(t) — x7| < —alx; (£) — x| + X7y |byj| F |x;(2) —
+X7ealey] Gj |xi(t — 7)) — %
+Z}"=1|dij| H; f0°° K;;(s) |xj(t —s) —xj|ds

fori =1,m,t > 0,t # ti, where D% f(t) denotes the upper right Dini derivative of a
continuous function f(t) defined by

(5.7)

rrre FE+AD—F (D)
brr(®) = hll'rg OgAtIih At

Let us note that if the continuous function f(t) is differentiable at t,, then

f (to) when f(t,) > 0,
D*1 (o)l = { £ (t0) when £(t0) <0,
|f(to)| when f(t;) =0

Next we define

yi(£) = |x;(£) — x7[e*, (5.8)

where i = 1,m,t € R, and from (5.7) we derive

D*y;(t) < —(a; — Dyi() + X7y |byj| F v+

1|CU| Gje le](t Tij) +20 1|le|H f Ki;(s) e®y;(t —s) ds,
for t > 0,t # t;. We define a Lyapunov functional V (-) by
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V() =X, {}’i(t) + X7 |cij] G e’ tt_ri,- yj(s) ds +
+ X |dy| By [ Ky(s)e® (f yi(0) do) ds},t 20 (5.9)

It is easily seen that V(t) = 0 for t > 0 and

V() <X {}’i(o) + X7 |ei;| G e’ sup y;(s)+

s€[—1,0]

+ 37 |dy| Hy [ Kij(s) e?s ds Sup Yj(S)},
S

(_ mao]

where T = max {Tij: i,j=1, m}, that is

V) <MI™, sup |xi(s) —xil, (5.10)
s€(—,0]
with
_ Aty 0
M= E%{l + G; Z;-"=1|cji|e Tit + H; Z;-”=1|dji| fo Kji(s)e)“ss ds}
This implies that V' (0) < oo since fooo K;j (s)e®s ds < oo for A < p. Further on,

DYV () < IR {—(a; — Dyi(®) + TTy|ci| G e vy (0)+
+ X7 |dy| Hy (Jf, Kip(s) e ds) y; (D))=
= -3 {a; — 21— G Xy |cpi| e*t — H; T2 |dji fom Kij(s)e? ds }y; () =
= =21 ®;(Dy;(t) <0fort > 0,t # t,

by virtue of (5.6). This implies that V(t) is nonincreasing on every interval (t,_, t],
k € N, thus

V() SV(ty_,+0)fort € (ty_q, txl, k EN (5.11)

In particular,

V(ty) <V(ty_;+0),kEN (5.12)

Further on, making use of the equalities (5.2) and (5.4), for an arbitrary moment of impulse
effect t, k € N, we successively find

Ax;(te) = —Bu Cei(ti) = %) + [ b ($)xi(s) — x7) ds,
it + 0) — %71 < 11— Byel () = 51 + [ [Wue(s)] Ixi(s) — % ds,

t _ .
Yilte +0) < |1 = Byclyi(ti) + [\ e Dy ()l yi(s) ds,i =T,m
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Making use of (5.11) and (5.12), we obtain

V(ty +0) <
< max|1— By | V(&) + max f e “tk‘s)ltlzik(s)l ds V(tg-1 +0) <

1m

<

/—\

ax |1 — By | + ma [ e‘(tk-ﬂlwik(s)l ds) V(s +0),
im i=1,m “tk-1

i=

and

V() <TEEP (maxlt — Byl + max [ &A%y ()| ds)V(0) (5.13)
i=1m i=1,m "tk-1
for all t > 0. Finally, from (5.8) and (5.9) we have
Yl () — x| =e IR (@) < e V(D)
The last inequality combined with (5.13) and (5.10) yields (5.5). o

Definition 1. The equilibrium point x* = (x5, x5, ..., x;,)T of system (5.1), (5.2) is said to
be globally exponentially stable (with Lyapunov exponent 1) if there exist constants
A>0and M > 1, and any solution x(t) = (xl(t),xz(t), ...,xm(t))T of system (5.1),
(5.2) is defined for all £ > 0 and we have

molx(®) — x| < Me™ Y™, sup Ix,(s) x/| forallt =0 (5.14)

sE(—oo

For three sets of additional assumptions on the impulse effects we will show that
inequality (5.5) implies global exponential stability of the equilibrium point x* of the
impulsive system (5.1), (5.2).

Corollary 1. Let all conditions of Theorem 1 hold. Let there exist A € (0, A*) such that

max |1 — By | + max [* [y(s)le?) ds <1,
i=1m i=1m "tk-1

for all sufficiently large values of k € N. Then the equilibrium point x* of the impulsive
system (5.1), (5.2) is globally exponentially stable with Lyapunov exponent A.

The proof of this corollary is obvious. The global exponential stability is provided by the
rather small magnitudes of the impulse effects. Further we will show that we may have
global exponential stability for quite large and even unbounded magnitudes of the impulse
effects provided that these do not occur too often.

Corollary 2. Let all conditions of Theorem 1 hold and

lim supu =p <+ (5.15)

t—oo
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Let there exist positive constants A € (0,1*) and B satisfying the inequalities

max |1 — Byl + max [* [1py(s)|e* =) ds < B, (5.16)
i=1,m i=1,m “"‘k-1

for all sufficiently large values of k € N, and pIn B < A. Then for any A € (0,A — pInB)
the equilibrium point x* of the impulsive system (5.1), (5.2) is globally exponentially
stable with Lyapunov exponent 1.

Proof. Inequalities (5.5) and (5.16) yield

m %) —xf| < Me MBIOOY™  sup |x;(s) — x;| forallt > 0
]

SE(—,0

Condition (5.15) means that for any &€ > 0 there exists T = T(g) > 0 such that the
inequality

—i((;'t) <p+e¢

is satisfied for all t > T. For such t we have i(0,t) < (p + &)t and

Z?;ﬂxi(t) _ x{“l < Me~(-(p+e)InB)t Zﬁ1 E?up O]Ix,-(s) _ xl:r|
SE€(—0o,

It suffices to choose £ > 0 such that (p + €)InB <Aand A= A — (p + €)InB. Then
inequality (5.14) will be satisfied with A instead of A and a possibly bigger constant M. O

Corollary 3. Let all conditions of Theorem 1 hold and there exist constants A € (0, 1)
and k € (0, A) such that

max |1 — Byl + max [[* [y (s)e*t) ds < e*Gete-d), (5,17
i=1m i=Im “tk-1

for all sufficiently large values of k € N. Then the equilibrium point x* of the impulsive
system (5.1), (5.2) is globally exponentially stable with Lyapunov exponent A — k.

Proof. By virtue of condition (5.17) for t € (g, ty4+1] inequality (5.5) implies

el () — xf| < Me™ ek FIL, sup |x;(s) — x|,
SE(_OOuO]

with a possibly larger constant M. Since t; < t, we have e *eXtk < e=(A=¥)t 3pd
inequality (5.14) will be satisfied with 4 — k instead of A. O

A similar condition was later introduced in the paper [16].
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The results of the present subsection were essentially given in our paper [15] where
impulse conditions were provided for the continuous-time neural networks considered in
[12]. The exposition here follows the pattern of some of our more recent papers.

5.4.2. Discrete-Time Case

In this subsection we formulate a discrete-time analogue of the additive Hopfield-type
neural network with impulse effect (5.1), (5.2) satisfying the assumptions A1 — A5 by the
semi-discretization method and investigate its global stability characteristics. Recall that
the components x; of an equilibrium point x* = (x],x3, ..., ;)T of (5.1), (5.2) are
governed by the algebraic system (5.3) and satisfy the linear equations (5.4). According
to Lemma 1, if conditions A1 — A4 are satisfied, the system without impulses (5.1) has a
unique equilibrium point x*.

Following [12], we will obtain a discrete-time counterpart of system (5.1). Let h > 0
denote a uniform discretization step size and [t/h] denote the greatest integer in t/h. For
convenience, we denote [t/h] = n,n € {0} U N, and, by an abuse of notation, write x;(n)
instead of x;(nh). Further on, we denote x;; = [z i/ h],i,j = 1, m. Finally, we replace the
integral  terms fooo Kij(s)xj(t —s)ds,i,j=1,m , by sums of the form
Yp=1Kij(@)xj(n — p), where p = [s/h], X;;(p) stands for K;;(ph) and x;(n — p) for
xj((n —p)h), and the discrete kernels X; i(),i,j =1,m, satisfy the following
conditions:

A6. K;j(p) = 0 and is bounded for p € N.
AT. Z;°=1 Xij(p) =1
A8. There exists a number v > 1 such that 771 K;; (p)v? < oo,
Now, on the interval [nh, (n + 1)h] (n € {0} U N) we approximate system (5.1) by

dx;

’;_S(S) = —aix,-(s) + 21]11=1 b’-]fl (x](n)) + 21]1;1 Cijgj (xj(n - Kij)) +

+ X, dihi (T, Kij)xj(n—p)) + L,i =1,m (5.18)

We rewrite equation (5.18) in the form

d . .

2 (i(s)e®) = % (T, byyf; (%) + E7%y ¢ (3(n — wiy) )+

+ 37 dish(Bper Kij@)xj(n —p)) + L), i = T,m,

and integrate it over the interval [nh, (n 4+ 1)h] to obtain

xi(n + 1)eai(n+1)h —_ xi(n)eainh — M( 7"'_ b f (x(n))+
=170 ] 7%

ai
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+ X0 Cijg) (xj(n - ’Cij)) + YT dijhy (B 36 (0)x;(n — p)) + Ii),

or

xi(n+ 1) = e () + 220 (S by () + S gy (35 (n — wy) )+

a;
+ X7 diihi (B Kij(@)x;(n —p)) + ),n € {0}UN,i=Tm (5.19)
This system is the discrete-time analogue of the system without impulses (5.1). It is
provided with initial values of the form x;(—f) = @;(—¢) (£ € {0} UN), where the

sequences {@;(—€)}7—, are bounded for all i = 1,m. The method used here is called
semi-discretization [12].

An equilibrium (x], x3, ..., x3)7 of (5.19) satisfies the system

1_Zaih {aix; = (BFeabyfi(x) + XTbqcijgi (%) + Tes dijhy(%7) + 1)} = 0,
i=1m (5.20)
Obviously, the quantities
b =22 i =T,

satisfy ¢»;(h) > 0, thus (5.20) implies (5.3), i.e., the equilibria of the systems (5.1) and
(5.19) coincide. We write the system (5.19) in the form
x;(n+ 1) = e~ %"x;(n) + ¢;(h) ( j=1bijf; (xj (n)) + X1 g (xj(n - Kij))"‘

In [12] no restrictions were imposed on the step size h. Neither are such restrictions
required to obtain the stability result for system (5.21).

However, we are investigating the impulsive system (5.1), (5.2). We find it appropriate to
assume there is not more than one instant of impulse effect in a step. To this end we
suppose that

0= kl:lellg(tkﬂ — ) >0, (5.22)
and h > 0 satisfies

h<8 (5.23)

We denote [t,/h] =ny, k €N, and obtain a sequence of positive integers {ng}r—,
satisfying n; < n, < --- < ny - co. With each such integer n; we associate two values
of the solution x(n), namely, x(n;) which can be regarded as the value of the solution
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before the impulse effect and whose components are evaluated by equations (5.21), and
x(n}) which can be regarded as the value of the solution after the impulse effect and
whose components are evaluated by the equations

X)) —xi () = Xk, 41 Buexi(®) + v, i=TmkeN, (524
where, for convenience, ny = —1 and By, are suitably chosen constants.

Further on we will call system (5.21), (5.24) the discrete-time analogue of the system with
impulses (5.1), (5.2). Whenever a value x;(n;) appears in the right-hand side of (5.21),
we mean x; (nj ).

The components of an equilibrium point x* = (x7, x5, ..., x3;,)T of system (5.21), (5.24)
must satisfy the equations (5.3) and

X b1 Birexi(®) + ¥ = 0 (5.25)

To ensure that systems (5.1), (5.2) and (5.21), (5.24) have the same equilibrium points if
any, we choose the constants B;, so that

t )
Yok n 41 Bice =B+ [, Pu(s)ds,i=Tmk€eN

Our main result in the present subsection is the following:

Theorem 2. Let system (5.21), (5.24) satisfy conditions Al, A2, A6 — A8 and the
components of the unique equilibrium point x* = (x7, %3, .., x3,)T of system (5.21) satisfy
(5.25). Then there exist constants M > 1 and A € (1,v) and any other solution

x(n) = (x;,(n), x5(n), ...,xm(n))T of system (5.21), (5.24) is defined for alln € N and
satisfies the estimate

m [am=xi| _ o p i1 |x:(—)—xf]
Y m SMATLEL B I i TR (5.26)

here i(1 )—{ 0, S nd By(A) |1+ Bign, | +
where 15T = Y max (keN:n <n}, n>n,, ¢ 7k S e

P max|By|A™ ¢k €N,
- i=1m
Proof. From the conditions of the theorem it follows that system (5.21), (5.24) has a
unique equilibrium point x* = (x5, x5, ..., x3)T.
Let us consider the functions @;: [1,v] defined by
(pl(l) =1- le_aih -
—¢i (W[F XTeq|bji| + Gy ZTeq|cie| A+t + Hy BT |dji | Zgea K (@) APF],i = T,m.

By virtue of conditions A7 and A2 we have
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®;(1) = 1 — e~ 4" — ¢, (W) [F; X7y |byi| + G X7a|cie| + H; X7kl dy|] =
= ¢;(W|a; — F; X7 || — Gi Z7q|cie| — H; X724 |dji|] > 0.

Now, because of the assumptions A6 and A8 each @;() is well defined, continuous and
decreasing on [1,v]. Thus, there exists A; € (1,v] such that &;(1) >0 for
A€[1,4),i = 1,m. Choosing A* = min{13, 13, ..., A}, }, we have

;) >0,A€[1,2),i=1m. (5.27)
From (5.21) and (5.20) it follows that
lxi(n + 1) — x;| < e 4" |x;(n) — x| + ¢y (R) TT2y[ |bij| F |%(n) — x5 |+
ij| Hy X1 K (@) |x;(n — p) — %}

+|cyi| G |xi(n —1ei5) — x}

= 1,m. If for any A € (0,1") we denote

_ nlxl(n) x| .
yi(n) =2 S ,(i=1mmne€l, (5.29)

where Z is the set of all integers, then from (5.28) we have
yiln+1) < Ae~ait yi(n) + ¢;(h) Z] 1[|bl]| YJ("-)"'
+eis| G ys(n - wy) + |dyy| Hy Bpy Ky )P y;(n — )], (5.30)

for n€{0}JUN and i=1,m . Next consider a Lyapunov functional
V(n) =V, y2 -, Ym)(n) defined by

V() = S {yi(n) + S (1) [|cij| G+ EBSE L, 3;(0) +

+|dij| Hj 2; 1 (p)lp-l_l Zr =n-— py](r)]}rn € {0} UN (5-31)
It is easy to see that V(n) = 0 and V(0) < co by A8. More precisely,

£e{0}UN ¢i(h) ° (5.32)

where

M= max{1+¢l(h)[G X 1|CJL|ZKﬁ A +H, 2 1|th|Zp 1%11(1’)erJ 1’1r]}
Further on, by virtue of (5.30) we obtain
V(n+1) < X2 {Ae" %y, (n) + X7, ¢; ()| |byj| F y;(n)+
+eij| GiAu*y;(n = wyy) + |dyj| Hy Zpoy Kij @) yi(n — p)] +
o] G Ty 370 + }=

+
2j=19; (1) +|du|H Yp= 1:K‘tj(p)1p+12r =n+1-pYj (")
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ai{re%ty;(n) + X7, ;B[ |byj| Fy yy(n) +
Hlegs| GA T, 358 + iy Hy Ty ;@I T 3, (]},
and
Vin+1) —V(n) < I, {(Ae~%" — 1)y;(n) + 7L, ¢; (W[ ;| F; y;(n)+
+ci;| GARu+ty;(n) + |dyj| H Ty 3y @)AP+y; ()]} =
= — YT {1 Aem%" — ¢, (W)[F; XTLq|bji| + G Ty |cji At +
+H; 2T |dji| Zoes i 0)AP* 1|} v (n) = = 22, &,(A) y;(n) < 0,

by virtue of (5.27). This implies V(n + 1) < V(n) for n # ny and (n, + 1) < V(n{),
where V(nj}) contains |x;(nf) — x;| instead of |x;(n;) — x;|. The above inequalities
yield

V(ng) for ng <n < ngy,
V(0) for O<n<n

Further on, making use of equalities (5.24) and (5.25), for any k € N we find successively

V(n) < { (5.33)

* * -1 *
I, (i) — x7| < |1+ Bigen, | 121 (i) — x| + Z?ink_1+1|Bik{’| |lx; (£) — x{],

i) < |1+ By, [yi(nie) + Zp5nt 1| Biicel A2 3, (8),

1 —
VW) < |1+ Bun, [V ) + £ 1q max|Buee 1% V),

thus V(nf) < B(W)V(ni_,) fork =2 and V(nf) < B, (A)V(O), where the quantities
By (1) were introduced in the statement of Theorem 2.

Combining the last inequalities and (5.23), we derive the estimate

V(n) < 1M B, (1) V(0) (5.34)
Finally, from the inequalities
m |xl(n) x| <™
(5.34) and (5.32) we deduce (5.26) for any A € (1,4%). O

Definition 2. The equilibrium point x* = (x3, x5, ..., x3,)T of system (5.21), (5.24) is said
to be globally exponentially stable with multiplier p if there exist constants M > 1 and

p € (0,1) and any other solution x(n) = (x;(n), x,(n), ...,xm(n))T of system (5.21),
(5.24) is defined for all n € N and satisfies the estimate
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i (=)

m  |xim)-x]| < Mp"¥™. sup il foralln € {0JUN  (5.35)

=1 gi(h) ecojun PR

For three sets of additional assumptions on the impulse effects we will show that
inequality (5.26) implies global exponential stability of the equilibrium point x* of the
system (5.21), (5.24).

Corollary 4. Let all conditions of Theorem 2 hold. Let there exist A = (1, A*) such that
B () < 1 for all sufficiently large values of k € N. Then the equilibrium point x* of the
discrete-time system (5.21), (5.24) is globally exponentially stable with
multiplier 1/A.

The proof of this corollary is obvious. The global exponential stability is provided by the
rather small magnitudes of the impulse effects. Further we will show that we may have
global exponential stability for quite large and even unbounded magnitudes of the impulse
effects provided that these do not occur too often.

Corollary 5. Let all conditions of Theorem 2 hold and
lim supM =p<oo (5.36)
n—>oo n

Let there exist positive constants A = (1, 1*) and B satisfying the inequalities
By(1) < B, (5.37)

for all sufficiently large values of k € N, and BP < A. Then for any p € (BTP, 1) the

equilibrium point x* of the discrete-time system (5.21), (5.24) is globally exponentially
stable with multiplier p.

Proof. Inequalities (5.26) and (5.37) yield

m |xi(n)—x{] < -ngi(L,n) ym |xi(=8)—xi]

=1 oy = MA™"B it eesig}lzm S foralln €N
Condition (5.36) means that for any £ > 0 there exists N = N(g) > 0 such that the

inequality

in)
— <p+e¢

is satisfied for all n > N. For such n we have i(1,n) < (p + &)n and

m ] (B -0~
m XAV TE] oy () ym BPa—m%il
=1 g S ( 7 ) =1, OO i)

+e
It suffices to choose £ > 0 such that BP*¢ < Aand p = %. Then inequality (5.35) will
be satisfied with a possibly bigger constant M. o
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Corollary 6. Let all conditions of Theorem 1 hold and there exist constants
A= (1,A1") and u € (1,2) such that

By (2) < peTMe, (5.38)

for all sufficiently large values of k € N. Then the equilibrium point x* of the discrete-
time system (5.21), (5.24) is globally exponentially stable with multiplier u/A.

Proof. By virtue of condition (5.38) for n;, < n < ny,4 inequality (5.26) implies

m |am)—xi| < -n,,n, M |xi(=6)—x;|
m XWX | o oara K y'm Pal—o)—x; |
=1 gy # 2‘-13533}%&, OBk

n
with a possibly larger constant M. Since n;, < n, we have A *u™ < (%) and inequality
(5.35) will be satisfied with p = p/A. O

These results were first reported in a very concise form at the Conference on Differential
Equations and Applications, Zilina, Slovakia, 2003, and published in [17]. The results of
the present subsection were essentially given in our paper [18] where impulse conditions
were provided for the continuous-time neural networks considered in [12]. The exposition
here follows the pattern of some of our more recent papers. In particular, the discretization
of the impulse conditions used here is different from the one used in [18].

5.5. Conclusion

We first provided a short survey on artificial neural networks and listed some of their
applications. Next we concentrated on Hopfield-type neural networks with impulses. For
impulsive continuous-time neural networks of Hopfield type with both constant and
infinite distributed delays sufficient conditions were found for the existence of a unique
equilibrium point and its global exponential stability. Discrete-time counterparts of the
aforementioned neural networks were formulated by the semi-discretization method, and
sufficient conditions were found for the global exponential stability of the unique
equilibrium point.

References

[1]. J. Hertz, A. Krogh, R. G. Palmer, Introduction to the Theory of Neural Computation,
Addison-Wesley Publishing Company, 1991.

[2]. J. von Neumann, Probabilistic logics and the synthesis of reliable organisms from unreliable
components, in Automata Studies (C. E. Shanon, J. McCarthy, Eds.), Annals of Mathematics
Studies, Issue 34, Princeton University Press, Princeton, N. J., 1956, pp. 43-98.

[3]. C. Stergiou, D. Siganos, Neural Networks,
https://www.doc.ic.ac.uk/~nd/surprise 96/journal/vol4/cs11/report.htm

[4]. W.McCulloch, W. Pitts, A logical calculus of the ideas immanent in nervous activity, Bulletin
of Mathematical Biophysics, Vol. 9, 1943, pp. 127-147.

120



Chapter 5. Mathematical Aspects of Neural Networks: Stability of Equilibrium Points

[5]. K. Gopalsamy, X. Z. He, Stability in asymmetric Hopfield nets with transmission delays,
Physica D, Vol. 76, 1994, pp. 344-358.

[6]. K. Gopalsamy, K. C. Issic, I. K. C. Leung, P. Liu, Global Hopf-bifurcation in a neural netlet,
Applied Mathematics and Computation, Vol. 94, 1998, pp. 171-192.

[7]. D. Gulick, Encounters with Chaos, McGraw-Hill, New York, 1992.

[8]. J. Hertz, A. Krogh, R. G. Palmer, Introduction to the Theory of Neural Computation,
Addison-Wesley Publishing Company, 1991.

[9]. S. Mohamad, K. Gopalsamy, Neuronal dynamics in time varying environments: continuous
and discrete time models, Discrete and Continuous Dynamical Systems, Vol. 6, Issue 4, 2000,
pp- 841-860.

[10]. J. J. Hopfield, Neurons with graded response have collective computational properties like
those of two-state neurons, Proceedings of the National Academy of Sciences of the USA,
Vol. 81, 1984, pp. 3088-3092.

[11].J.J. Hopfield, D. W. Tank, Computing with neural circuits: A model, Science, Vol. 233, 1986,
pp. 625-633.

[12]. S. Mohamad, K. Gopalsamy, Dynamics of a class of discrete-time neural networks and their
continuous-time counterparts, Mathematics and Computers in Simulation, Vol. 53, 2000,
pp. 1-39.

[13]. G. Meinardus, G. Nurnberger (Eds.), Delay Equations, Approximation and Application,
Birkhduser, Boston, 1985.

[14]. Z.-H. Guan, G. Chen, On delayed impulsive Hopfield neural networks, Neural Networks,
Vol. 12, 1999, pp. 273-280.

[15]. H. Akga, R. Alassar, V. Covachev, Z. Covacheva, E. Al-Zahrani, Continuous-time additive
Hopfield-type neural networks with impulses, Journal of Mathematical Analysis and
Applications, Vol. 290, Issue 2, 2004, pp. 436-451.

[16]. S. Mohamad, K. Gopalsamy, H. Ak¢a, Exponential stability of artificial neural networks with
distributed delays and large impulses, Nonlinear Analysis: Real World Applications, Vol. 9,
2008, pp. 872-888.

[17]. V. Covachev, H. Akga, Z. Covacheva, E. Al-Zahrani, A discrete counterpart of a continuous-
time additive Hopfield-type neural networks with impulses in an integral form, Studies of the
University of Zilina Mathematical Series, Vol. 17, 2003, pp. 11-18.

[18]. H. Akga, R. Alassar, V. Covachev, Z. Covacheva, Discrete counterparts of continuous-time
additive Hopfield-type neural networks with impulses, Dynamic Systems and Applications,
Vol. 1, Issue 1, 2004, pp. 1-17.

121



